Abstract. We extend the Bass-Matlis characterization of local Noetherian divisorial domains to the non-Noetherian case. This result is then used to study the following question:
Introduction
Throughout this paper, D denotes an integral domain with quotient field K. For a nonzero fractional ideal I of D, we set I −1 = (D : I) = {x ∈ K | xI ⊆ D}, I v = (I −1 ) −1 , I t = {J v | J is a nonzero finitely generated subideal of I}, and I w = (I : J), where the union is taken over all finitely generated ideals J of D with J v = D. An ideal I is said to be a divisorial (resp. t-, w-) ideal if I = I v (resp., I = I t , I = I w ). We assume familiarity with properties of these star operations. In particular, we shall use the fact that each nonzero, nonunit element of D is contained in a maximal t-ideal, and we denote the set of maximal t-ideals of D by t -Max(D).
A domain D is said to be divisorial if each of its nonzero ideals is divisorial. These domains have been studied by Bass [4] , Matlis [19] , Heinzer [13] , Bazzoni and Salce [5] , and Bazzoni [6] . In [10] the first author and S. El Baghdadi studied domains in which each w-ideal of D is divisorial and dubbed such domains w-divisorial domains. In part this work is a sequel to that paper. Our main goal is to study whether w-divisoriality transfers from D to the polynomial ring D[X]. Although we do not give a definitive answer, we do show that the property transfers in many cases, and we analyze the difficulties in the general case.
In Section 1, we extend the Bass-Matlis characterization of Noetherian divisorial domains to the non-Noetherian setting. Recall that a nonzero ideal I of D is said to be m-canonical if (I : (I : J)) = J for each nonzero ideal J of D. We show in Theorem 1.2 that if D is a local domain with nonprincipal maximal ideal M , then D is divisorial if and only if (M : M ) is a 2-generated D-module and M is an m-canonical ideal of (M : M ).
Recall [1] that D is weakly Matlis if each nonzero element of D is contained in only finitely many maximal t-ideals of D and each nonzero prime t-ideal of D is contained in a unique maximal t-ideal. One of the main results in [10] The second author was supported by a visiting grant from GNSAGA of INdAM (Istituto Nazionale di Alta Matematica).
Divisoriality
We begin with a compilation of some results of Bazzoni-Salce [5, Proposition 5.4, Lemma 5.5, Theorem 5.7] . Recall that a domain D is h-local if each nonzero element of D is contained in only finitely many maximal ideals of D and each nonzero prime ideal of D is contained in a unique maximal ideal. As noted in [6] , (the first part of) this theorem effectively reduces the question of divisoriality of a domain to the local case. It is well known that a local Noetherian domain (R, M ) is divisorial if and only if R has dimension one and M −1 is a 2-generated R-module [4, Theorems 6.2, 6.3] and [19, Theorem 3.8] . (See [23] for an extension to the Mori case.) Our next result gives a characterization of divisoriality in the general case. In the statement of the theorem, we assume that the maximal ideal M of the local domain D is nonprincipal. This assumption results in no loss of generality since by Theorem 1.1 if M is principal, then D is a valuation domain (and this case is well understood). Proof. We use the notation of Theorem 1.1. Suppose that D is divisorial. Then M is divisorial, and so 
Hence T is indeed the unique minimal overring of D. To show that D is divisorial in this case, we consider a nonprincipal ideal I of D. We claim that I −1 = (D : I) is also nonprincipal. Suppose, on the contrary, that I −1 is principal. Then I v is also principal, and we have Case 2. Suppose that T has two maximal ideals, say N 1 and N 2 . We first claim that M = N 1 N 2 . To verify this, recall that T /M is a 2-dimensional vector space over D/M , and consider the chain of subspaces
We also have by [ 
. It would be interesting to have a (necessarily non-Noetherian) 1-dimensional example of a nondivisorial local domain (D, M ) with (M : M ) a 2-generated D-module.
Weakly Matlis polynomial rings
Let D be a domain with quotient field K. For h ∈ K[X], we denote by c(h) the D-ideal generated by the coefficients of h. We set We have Max(
Let Λ be a nonempty set of prime ideals of a domain D. Following [1] , we say that Λ has finite character if each nonzero element of D belongs to at most finitely many members of Λ and that Λ is independent if no two members of Λ contain a common nonzero prime ideal. Thus D is h-local if Max(D) is independent of finite character [19] , and D is weakly Matlis if t -Max(D) is independent of finite character. (Note that, since a prime ideal minimal over a nonzero principal ideal is automatically a t-ideal, t -Max(D) is independent if and only if no two of its members contain a common prime t-ideal.)
In the following lemma, the equivalence of (1) and (2) 
The situation is not so simple for independence. 
Proof. In view of Lemma 2.1, we need prove only the "independent" equivalences.
( Recall from [15] that D is a UMT-domain if each upper to zero in D[X] is a maximal t-ideal.
Corollary 2.3. Suppose that D has a unique maximal t-ideal (equivalently, D is a local domain whose maximal ideal is a t-ideal) or is a UMT-domain. Then the following conditions are equivalent.
(
1) D is weakly Matlis. (2) D[X] is weakly Matlis. (3) D[X]
Nv is h-local.
Proof. The result follows easily from Proposition 2.2, in view of the fact that the hypothesis on D guarantees that each upper to zero in D[X] is contained in a unique maximal t-ideal.
The polynomial ring over a weakly Matlis domain need not be weakly Matlis, as Examples 2.5 and 2.6 below show. First, we characterize, in the strong Mori case, when D weakly Matlis implies D[X] weakly Matlis. Recall that a domain R is a strong Mori domain if it satisfies the ascending chain condition on w-ideals. We need the following facts from [24] . A domain R is a strong Mori domain if and only if R has t-finite character and R M is Noetherian for each maximal t-ideal M of R [24, Theorem 1.9]; a strong Mori domain satisfies the principal ideal theorem [24 We now give an example of a weakly Matlis (in fact, h-local) Noetherian domain with two maximal t-ideals of height two.
Proposition 2.4. Suppose that D is a strong Mori (e.g., Noetherian) domain. Then D[X] is weakly Matlis if and only if D is a weakly Matlis domain with at most one maximal t-ideal
Example 2.5. In [20] , McAdam gives an example of a Noetherian domain T having exactly 2 maximal ideals M, N , both of height 2, such that M ∩ N does not contain a nonzero prime. Thus T is h-local. We would like to transform the example, if necessary, to ensure that the maximal ideals are t-ideals. We do this by means of a pullback. Note that in McAdam's example, it is possible to arrange that T /M and T /N are the same field k, with k arbitrary. Thus we may assume that k contains a subfield F with [k : F ] < ∞. Now let D be the domain arising from the following pullback diagram of canonical homomorphisms: Next, we show that the "strong Mori" hypothesis in Proposition 2.4 cannot be weakened to "Mori". The following is an example of a one-dimensional semilocal (hence automatically h-local and therefore weakly Matlis) Mori domain D for which D[X] is not weakly Matlis.
Example 2.6. Let k be a field, and let u, t be indeterminates. Set
is the common quotient field of all these domains. Moreover, if
, then u satisfies a polynomial over D i with a unit coefficient; however, since D i is local and integrally closed, the u, u −1 -lemma would then imply that
It is clear that t ∈ D 1 , and, since t = −1 + (t + 1), we also have t ∈ D 2 . Hence t, t + 1 ∈ D. It is now easy to see that It follows that D is a one-dimensional integrally closed Mori domain (as the intersection of two Mori domains) with exactly two maximal ideals. Therefore, D is automatically weakly Matlis. However, it is easy to see
actually contains infinitely many prime ideals.) Of course, D is not strong Mori.
w-divisoriality in polynomial rings
In this section, we address (
Nv is divisorial. In case these equivalent conditions hold, D is w-divisorial.
Proof. By Proposition 2.2, D[X] is weakly Matlis if and only if D[X]
If P is an upper to zero in 
Thus D is w-divisorial.
To simplify notation, for an ideal I and a maximal t-ideal M of D, we set I M (X) = ID M (X). [2, Lemma 3.3] . Hence D M is weakly Matlis, and therefore so is 
, and this case is covered by the hypothesis.
( Proof. An integrally closed w-divisorial domain is a weakly Matlis PvMD (hence a UMT-domain) with each maximal t-ideal t-invertible [10, Theorem 3.3]. Hence we conclude by applying Corollary 2.3 and Proposition 3.4. 
